Abstract. Mathematical models used to describe porous medium flow lead to coupled systems of time-dependent nonlinear partial differential equations, which present serious mathematical and numerical difficulties. Standard methods tend to generate numerical solutions with nonphysical oscillations or numerical dispersion along with spurious grid-orientation effect. The ELLAM-MFEM time-stepping procedure, in which an Eulerian-Lagrangian localized adjoint method (ELLAM) is used to solve the transport equation and a mixed finite element method (MFEM) is used for the pressure equation, simulates porous medium flow accurately even if large spatial grids and time steps are used. In this paper we prove an optimal-order error estimate for a family of ELLAM-MFEM approximations.
We assume that the medium is homogeneous vertically and take Ω ⊂ R 2 with a nonuniform local elevation. φ(x) and K(x) are the porosity and the permeability tensor of the medium, respectively, μ(c) and ρ are the viscosity and the density of the fluid mixture, respectively, g is the gravitational acceleration, d(x) is the reservoir depth, and q(x, t) is the source and sink term. We drop Ω in these notations when it is clear from the context. For any Banach space X, we introduce Sobolev spaces involving time W m q (t 1 , t 2 ; X) := f (x, t) : We also define the discrete norms f L∞ c (0,T ;X) := max (3.11) , respectively. If (t 1 , t 2 ) = (0, T ), we drop it from these notations.
In this paper we use ε to denote an arbitrarily small positive number, A i , K i , and Q i to denote fixed positive constants, and Q to denote a generic positive constant that could assume different values at different occurrences. All of these constants are independent of spatial and temporal grid parameters.
3. An ELLAM-MFEM time-stepping procedure. In this procedure an EL-LAM scheme is used to solve the transport PDE (2.2), and an MFEM scheme is used for the pressure system (2.1).
An ELLAM formulation for the transport equation.
We define a temporal partition on the interval [0, T ] by
with Δt c n := t tinuous in time at time t c n−1 , we obtain a weak formulation for (2.2) z(x, t) accounts for the discontinuity of z(x, t) in time at time t c n−1 . We replace the dummy variables x and t in the space-time integrals in (3.2) by y and θ and reserve x for the point in Ω at time t c n or t c n−1 . In the ELLAM framework [6, 21, 30] , the test functions in (3.2) are defined to be the solutions of the adjoint equation of the hyperbolic part of (2.2)
Thus, the last term on the left-hand side of (3.2) vanishes. Once the test functions z(x, t c n ) are specified in Ω, they are determined in the space-time strip Ω × (t 
where E q (c, z) is the local truncation error term given by
In (3.5) we have implicitly used the fact that the traceback operator r is a diffeomorphism and the determinant is positive [10] .
Likewise, we evaluate the diffusion-dispersion term in (3.2) to obtain
The subscript r emphasizes that the gradient is taken with respect to r. The local truncation error E D (c, z) is given by
We substitute (3.5) and (3.7) into (3.2) to obtain an ELLAM reference equation for the transport PDE (2.2) 
(3.10)
It was proved [4, 8] that problem (3.10) has a unique solution (u(
with the diameter h p [5, 20] . We define a temporal partition on the time interval [0, T ] for the pressure grid by 
(3.12)
An ELLAM-MFEM time-stepping procedure.
The velocity field usually changes less rapidly than the concentration. Moreover, at each time step the MFEM system (3.12) is more expensive to solve than the ELLAM scheme for the transport PDE (2.2). Therefore, we allow a larger time step for the pressure than that for the concentration [9] . It is often computationally convenient to define the time partition (3.1) for the concentration by subdividing the time partition (3.11) for the pressure. Namely, there exist 0 =: 
be an FEM space, which contains the space of continuous piecewise polynomials of degree at most l on a quasi-uniform partition of diameter h c . For example, the FEM space S l c could be the space of piecewise polynomials of degree at most l on triangular elements or the space of piecewise polynomials of degree at most l in each coordinate direction on rectangular elements. We often utilize the fact that velocity is smoother than the concentration to use a much larger grid size h p than h c and to further reduce computational cost since (3.12) is more expensive to solve than (3.14) .
Let c h (x, 0) be an approximation to c 0 (x) (e.g., its L 2 or Ritz projection, or interpolation). An ELLAM-MFEM time-stepping procedure is formulated as follows: For m = 1, . . . , M, solve the MFEM scheme (3.12) at the pressure time step t 
(3.14)
All of the integrals in (3.14), except for the first on the right-hand side, are in Eulerian coordinates and can be evaluated as in FEMs. The first term on the righthand side of (3.14) is in Lagrangian coordinates and requires extra attention. By definition, the test functions z in the ELLAM reference equation (3.9) are constant along the characteristics r defined by the initial-value problem (3.4). Set
Unlike in linear advection-diffusion PDEs [6, 26] , the velocity u is unknown. In (3.14) we compute an approximate characteristic r h (t 
For clarity of exposition, we assume an Euler tracking and set
The test functions z h (x, t c n−1 ) in the ELLAM scheme (3.14) are evaluated by
This further complicates the analysis for the ELLAM-MFEM procedure.
Preliminaries.
This section cites well-established estimates to be used in the proof of the main theorem in section 5.
The finite element space S l c has the approximation and inverse properties [7] for 
and
It is understood in (4.4) that The following estimates hold [7, 19, 23, 33] 
Here the constant A 1 is independent of c and h c .
be the interpolation of c(x, t).
We use the estimates (4.1) with p = 2 and q = +∞, (4.2) with q = +∞, and (4.6) with q = 2 to conclude that for c ∈ L
We similarly define a mapping (Πu, Πp) from
(4.8)
The following estimates hold, e.g., for Raviart-Thomas spaces [4, 8, 9] :
Here A 2 is independent of h p , u, p, and c. We let I be an interpolation operator from
We use the estimates (4.4) and (4.9) to conclude that 
Then we routinely see that for 2 ≤ q ≤ +∞ 5. An optimal-order error estimate. In this section we prove an optimalorder error estimate for the ELLAM-MFEM time-stepping procedure with any order of approximating polynomials (k ≥ 0, l ≥ 1).
On the main theorem and its proof.
Note that the test functions in the ELLAM formulation are defined by (3.3), which can be evaluated by using (3.19) . However, the velocity u is unknown. This is in contrast to the ELLAM schemes for linear transport PDEs in which the true velocity is known and is used to evaluate characteristics [6, 21, 26] . In the ELLAM-MFEM time-stepping procedure in section 3, we have to use the numerical velocity u e h to evaluate the approximate characteristics r h by solving problem (3.17). These issues further complicate the analysis [21, 25] .
) be the solution of the ELLAM-MFEM time-stepping procedure (3.12) and (3.14) with l ≥ 1 and k ≥ 0. Assume that the discretization parameters obey the relations 
Here d dt refers to the material derivative along the characteristics defined in (3.4) .
To prove the theorem, we use (3.10), (3.12), and (4.8) to derive a relation
Combining this equation with (4.10) yields an estimate [4, 5, 8] 
For convenience, we have dropped the subscript L 2 .
The estimates (4.9) and (5.3) show that the bound on
Proof of the key estimate. To bound
Note that c h − c = ξ + η and that the estimate for η is known from (4.6). The key to prove the theorem is to derive an estimate of the form (5.2) for ξ.
Proof. We subtract (3.14) from (3.9) for n = N m−1 + 1, . . . , N m to generate an error equation for any
In the second term on the right-hand side,c h :=c is specified at sources so the differencec h −c vanishes. At sinks q = q − is specified butc h = c h andc = c. We rewrite the preceding equation with z h = ξ as
We bound the third and fourth terms on the right-hand side of (5.4) by
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We use (4.5) and (4.6) to bound the sixth term on the right-hand side of (5.4)
The fifth term on the right-hand side of (5.4) is bounded in Lemma 6.3 Note that the evaluation of source and sink terms and the diffusion-dispersion term in the ELLAM scheme (3.14) does not involve any characteristic tracking. Hence, (3.6) and (3.8) still hold, leading to the estimate
We use the estimates (6.1) and (6.2) in Lemma 6.1 to bound |E D (c, ξ)| by
.
The first term on the right-hand side of (5.4) is estimated in Lemma 6.4
(5.6)
The second and seventh terms on the right-hand side of (5.4) are estimated in Lemma 6.5
We incorporate the preceding estimates into (5.4) to get
(5.8)
We choose ε = |D| min /8, sum this estimate for n = 1, 2, . . . , n * , with n * ≤ N m , and cancel like terms to obtain
Here we have used the estimate (6.8) to bound the initial value ξ(x, 0) that has appeared on the right-hand side. We choose Δt c n small enough such that QΔt c n < φ min /2 and apply Gronwall inequality to (5.9) to get
(5.10)
Combining this estimate with (4.6) finishes the proof.
Discussion.
The error estimate (5.2) contains only the H 1 norm of c and its material derivative in the Δt c term. These norms are much smaller than those of the temporal derivatives c due to the Lagrangian nature of the transport PDEs. Hence, larger time steps and spatial grids can be used in the ELLAM-MFEM time-stepping procedure. In other words, Theorem 5.1 theoretically justifies the mathematical and numerical strength of the ELLAM-MFEM time-stepping procedure, which was previously observed numerically [3, 17, 21, 30, 32] .
In the ELLAM-MFEM time-stepping procedure (3.12) and (3.14), a linear extrapolation in time is used to define the numerical velocity field u e h (x, t An error estimate similar to Theorem 5.1 was proved in [9] for a Galerkin FEM-MFEM time-stepping procedure for problem (2.1)-(2.3) and in [13] for an MMOC-MFEM time-stepping procedure. These estimates require a restrictive condition that Δt c = o(h p ). (5.11) In other words, these procedures are guaranteed to converge only if the Courant number tends to zero asymptotically, which is more restrictive than the CFL condition for an explicit scheme. This is especially important for the MMOC-MFEM timestepping procedure, since the strength of the MMOC scheme is really reflected in the large time steps the MMOC scheme allows.
In Theorem 5.1 the restriction (5.11) is relaxed to be Δt c = O(h p ). (5.12) This implies that the ELLAM-MFEM time-stepping procedure converges for any size of Courant numbers. Thus, Theorem 5.1 provides a solid theoretical foundation to show the competitiveness of the ELLAM-MFEM procedure, which was previously illustrated and observed numerically [21, 30, 32] . 
